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A simply supported glass/polyvinyl butyral (PVB)/glass beam is modelled by plane ﬁnite elements. The distribution of
strain and stress through the beam thickness and along its axis is obtained as a result of linear ﬁnite element analysis. It
shows that the bending stress in the glass layers is determinant for the load-bearing capability of laminated glasses, but the
shear in the PVB-interlayer plays an important role for glass-layer interaction. A mathematical model of triplex glass beam
is derived, consisting of a bending curvature diﬀerential equation and a diﬀerential equation of PVB-interlayer shear inter-
action. The derived equations are solved analytically with boundary conditions of simply supported beam under uniform
transverse load. A parametric study of the derived mathematical model is carried out. The model is utilized for lightweight
structure optimization of layer thicknesses. The results of the optimization show that laminated glasses could be superior
to monolithic glasses.
 2006 Elsevier Ltd. All rights reserved.
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Laminated glasses are widely spread in contemporary buildings as architectural glazing. They are also
used as windshields in automotive industry. Laminated glasses, in most of the cases, consist of only two
glass plates bonded together by a polyvinyl butyral (PVB) interlayer. The PVB-material is a rubber like elas-
tomer (Dhaliwal and Hay, 2002) that keeps the shards of broken glass plates in the frame of the glass unit
after the failure and makes them safety. Another advantage of laminated glasses is their thermal insulation0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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cient application of laminated glasses is limited, because of the diﬃculties in their strength calculations at
the stage of their design.
The PVB-material has elastic modulus, which is thousands of times less than the elastic modulus of the
glass. The great mismatch of the elastic moduli leads to layer interaction in the bending of laminated glasses,
which does not obey the principle of straight normals or pseudo normals in the theory of plates. The modelling
of laminated glasses is sophisticated mainly because of the complex nonlinear behavior of the PVB-material,
which is highly viscoelastic with great temperature dependency (Sobek et al., 2000). The other nonlinearity,
that could be included in the laminated glass behavior, is the geometrical nonlinearity of thin plates under
transverse loadings.
Since the complex behavior of laminated glasses is not very well modelled in the practice, their strength is
considered as intermediate of two limiting cases: the case of layered glass—two glass plates with the same
thickness without any interlayer between them, and the case of monolithic glass—one glass plate with thick-
ness equal to the total thickness of the glass plates (Vallabhan et al., 1987). The former case determines the
lower boundary of the strength, while the latter—the upper boundary. Such an approach could not consider
diﬀerent thicknesses of both glass plates and their optimization for weight minimization. In most of the cases
only glass laminates with equal thicknesses of both glass plates are considered.
Vallabhan et al. (1993) developed a mathematical model of laminated glasses based on the minimization of
the total potential energy in which the bending and membrane strain energy of the glass plates as well as the
shear strain energy of the PVB-interlayer are included. The assumptions for the glass plates correspond to von
Karman’s nonlinear theory of plates. The interaction of the glass plates is provided by the shear of the linearly
elastic PVB-interlayer, which depends on their bending. The ﬁnite in-plane strain accounting for large rota-
tions of the normals is included in the model and therefore membrane stress could appear at large deﬂection
of the laminate as a consequence of the geometrical nonlinearity in dependence on the boundary conditions.
Five complicated diﬀerential equations are obtained and iteratively solved. Two interpolation parameters
should be optimized in order to obtain a stable solution. Recently, Asik (2003) developed an algorithm for
implicit integration of the equations and their unconditionally stable solution.
Norville et al. (1998) developed a simple multilayer beam model of laminated glasses. The shear force trans-
ferred by the PVB-interlayer is determined by a coeﬃcient which has to be identiﬁed experimentally. The eﬀec-
tive section modulus of the beam could be calculated in dependence on the coeﬃcient, which allows the
maximum bending stress to be obtained. This is a simple model which gives an opportunity the strength of
laminated glasses to be approximately estimated at the stage of their design.
Duser et al. (1999) utilized the ﬁnite element (FE) method to model laminated glasses under transverse
loadings. They used 3-D solid elements to model the layers and their interaction. This approach requires a
lot of ﬁnite elements and therefore expensive computations. The PVB-material is modelled as linear viscoelas-
tic and a nonlinear solution is performed. A statistical model based on two-parameter Weibull’s law of distri-
bution is developed for the glass breakage and strength determination of the glass plates.
Very recently, Asik and Tezcan (2005) published a mathematical model of laminated glass beams, which is
based on nonlinear strain–displacement relationship. The model is derived by variational principle from the
membrane and bending strain energy of the glass layers and the shear strain energy of the PVB-interlayer.
The nonlinearity of the diﬀerential equations of the model disappears if the laminated glass beam is simply
supported and an analytical solution for this case is derived. The model is used to investigate the linear
and nonlinear behavior of symmetric triplex glass beams in comparison with the laminated glass plate
behavior.
The design of the triplex glasses is determined by three parameters—the thicknesses of the layers. The eﬀect
of the design parameters to the strength and stiﬀness of the glass laminates is not well investigated, since there
is no eﬃcient model of laminated glasses. Complicated mathematical models requiring numerical methods and
having computationally expensive solutions are not suitable for parametric study and optimization. An ana-
lytical model of laminated glasses is easy to be used for such investigation or optimization process. The aim of
this work is to derive a simple but reasonable analytical model of laminated glasses that can be used for struc-
ture optimization. In order to simplify the model, only a plane beam of laminated glass will be considered. The
problem will be conﬁned to small strains and displacements.
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The FE method is a powerful numerical method for solving partial diﬀerential equations of continua. It is
widely used to solve nonlinear problems of solids and structures as well as problems of theory of elasticity. The
modelling of laminated glasses by ﬁnite elements is diﬃcult because of the small thickness of the laminates
compared to the other dimensions. The necessary degree of discretization in the direction of the thickness will
dictate high degree of discretization in the other directions and therefore too many solid elements are required
for the laminated glass model and a great number of equations should be solved, which is diﬃcult. The rep-
resentation of the laminated glass as a plane multilayer beam, however, leads to a plane problem of theory of
elasticity, which requires less equations although the same degree of discretization through the thickness of the
beam and makes the problem solvable by the FE method.
The mutual deformation and the force interaction of the layers of triplex glass laminates are analyzed here
by means of the FE method. The laminated glasses are modelled as a multilayer beam with linearly elastic
materials—glass and PVB. The problem is presented as a plane problem of the theory of elasticity and the
beam is discretized by plane ﬁnite elements.
The bending of a triplex simply supported beam under transverse forces is considered (see Fig. 1). The load-
ing and the support are symmetrical to the yz-plane of the coordinate system used for this investigation. The x-
axis is along the beam on its upper surface. The beam width is b = 1 mm. The PVB-interlayer has thickness
h0 = 1 mm, while the upper glass layer has thickness h1 = 3 mm and the lower glass layer—h2 = 5 mm.
Because of the symmetry, the only one half of the beam is modelled by ﬁnite elements. The elements are
bilinear with a length of 1 mm along x-axis and a height of 0.25 mm along z-axis. In this way, 36 elements
are placed through the beam thickness. The FE model of the beam totally consists of 28,800 elements and
29,637 nodes with two degrees of freedom or totally 59,274 linear algebraic equations.
The accepted modulus of elasticity for the glass material is E = 70 GPa and the Poisson’s ratio is m = 0.23.
The modulus of elasticity for the PVB-material is E0 = 2 MPa and the Poisson’s ratio is m0 = 0.45 or the shear
modulus is G0 = 0.69 MPa.
The loading determines two sections of bending along the beam: pure bending with a constant bending
moment in the middle of the beam and bending with transverse shear at both ends of the beam, according
to the internal force diagrams shown in Fig. 1. The beam was analyzed by means of FE software ANSYS
6.1. The results of a linear analysis are presented here, but a geometrically nonlinear analysis with ﬁnite strain
and several steps of loading was carried out also with no meaningful diﬀerences in the results. The obtained
maximum deﬂection of the beam at x = 0 is 16.6 mm.
The obtained data from the FE analysis for strain and stress at the nodes and their displacements are ana-
lyzed. The distribution of strain and stress through the thickness of the layers and along the x-axis is consid-
ered ﬁrst. The diagrams of strain ex in three cross-sections of the pure bending section of the beam at x = 100,
200, and 300 mm, respectively, are given in Fig. 2. The diagrams of strain ex in other three cross-sections of the
transverse shear section of the beam at x = 500, 600, and 700 mm, respectively, are given in Fig. 3. The bend-
ing moment in the latter section is linearly decreasing.0.4 N
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Fig. 1. Plane triplex glass beam for FE analysis.
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Fig. 2. Strain ex in cross-sections of the pure bending section.
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Fig. 3. Strain ex in cross-sections of the transverse shear section.
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normals of the laminate are converted into broken straight lines. In fact, each normal of a single layer remains
straight line after the deformation. The slope of ex-diagrams in the glass layers is proportional to the curvature
of the beam in its bending. The slope of the diagrams in both glass layers of a cross-section is the same, but it is
diﬀerent in the diﬀerent cross-sections even in the pure bending section, where the bending moment is constant
along the beam. The position of the neutral axis of the diﬀerent layers of any cross-section is diﬀerent, too.
The strain ex is of the same order in the diﬀerent layers, but because of the very low modulus of elasticity of
the PVB-material, the normal stress rx there is almost zero or, at least, it is considered zero in comparison with
the stress in the glass layers (see the diagram in Fig. 4). The strength of the glass laminates is determined by the
maximum tensile stress in the glass, which is a brittle material and the allowable tensile stress for architectural
glazing is 10–30 MPa. The diagram in Fig. 4 shows that the stress in the glass layers of the considered beam is
Fig. 4. Stress rx in a cross-section.
I.V. Ivanov / International Journal of Solids and Structures 43 (2006) 6887–6907 6891of the order of the allowable stress and the stress in the PVB-interlayer is not determinant for the strength of
the laminate.
The shear strain czx is uniformly distributed through the thickness of the PVB-interlayer and it is almost
zero in the glass layer (see Fig. 5). The shear strain czx in the PVB-interlayer denoted as c0 is changing along
the x-axis and its diagram is shown in Fig. 6. The shear strain is negative, beginning from zero at the middle of
the beam, and reaches its greatest magnitude at the ends of the beam.
Although the shear strain czx is very diﬀerent in magnitude in the diﬀerent layers, the shear stress szx is
of the same order of magnitude, because of the very high diﬀerence between the elastic moduli of the glass
and the PVB-material. The shear stress distributions in the cross-sections at x = 100, 200, and 300 mm of
the pure bending section of the beam are given in Fig. 7. The shear stress in each glass layer is a quadratic
function of the z-coordinate. The integration of the shear stress in the thickness direction (z-axis) gives a zero
resultant force in correspondence to the shear force diagram Q (Fig. 1). The shear stress distributions in theFig. 5. Shear strain czx in a cross-section.
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Fig. 7. Shear stress szx in cross-sections of the pure bending section.
Fig. 6. Shear strain c0 of the PVB-interlayer along the beam.
6892 I.V. Ivanov / International Journal of Solids and Structures 43 (2006) 6887–6907cross-sections at x = 500, 600, and 700 mm of the transverse shear section of the beam, shown in Fig. 8, as
functions of the z-coordinate have the same character. However, the integration of the shear stress in the
thickness direction for these cross-sections gives a nonzero resultant force, which corresponds to the negative
and uniform shear force Q in the diagram of Fig. 1 for this section of the beam.
The magnitude of the shear stress in all cross-sections is very small compared to the normal stress and def-
initely the shear stress is insigniﬁcant for the strength and load-bearing capability assessment of the laminated
glasses. The strength and load-bearing capability of laminated glasses are determined only by the normal stress
in the glass layers. The signiﬁcant shear strain energy in the PVB-interlayer shows that the shear in this layer
should be accounted for. The shear of the PVB-interlayer aﬀects the normal stress distribution in the glass
layers—the position of the neutral axes and the curvature of the beam. Neglecting the transverse shear in
the beam, we can focus on its pure bending section and the distribution of the bending moment between
the glass layers.
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Fig. 8. Shear stress szx in cross-sections of the transverse shear section.
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The principle of the straight normals does not hold for the whole laminate, but it holds for each single glass
layer. The simple Euler–Bernoulli bending theory of beams is applicable for the single glass layers denoted by
i = 1, 2. The displacement u of a point P of layer i in the direction of x-axis to its new position P 0 isuiðx; niÞ ¼ uoiðxÞ  nihðxÞ ð1Þ
according to the drawing in Fig. 9. The angle h is h = dw/dx, where w is the displacement in the direction of
the z-axis. The position of point P is determined by the local coordinate ni, which is measured from the central
axis ci  ci of the cross-section of the layer. The strain exi is linearly distributed through the thickness:hi/2
hi/2 σxi
ξi ξoini
ci
Ni
Mi
x u,
z w,
dx
dw
w
ui
uoi
ξ θi
P
P
θ
'
ni
ci
Fig. 9. Displacements and stress distribution in single glass layer i.
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oui
ox
¼ eoiðxÞ þ nijiðxÞ ð2Þwhere ji = d2w/dx2 is the curvature of the layer in the bending. The normal stress is obtained by the Hooke’s
law:rxiðx; niÞ ¼ Eexi ¼ EeoiðxÞ þ niEjiðxÞ ð3Þ
where E is the Young’s modulus of the glass. The position of the neutral axis ni  ni in the cross-section of the
glass layer i is determined by the local coordinate noi.
The resultant normal force Ni of the glass-layer cross-section isNiðxÞ ¼
Z þhi=2
hi=2
rxibdni ¼ EbhieoiðxÞ ð4ÞThe resultant bending moment Mi of the glass-layer cross-section isMiðxÞ ¼
Z þhi=2
hi=2
rxinibdni ¼ E
bh3i
12
jiðxÞ ð5ÞThe compatibility of the single layer bendings should be provided in the bending of the laminate. It has two
parts: compatibility of the displacements and equilibrium of the resultants. The compatibility of the displace-
ments is provided by the equivalence of the radii of the curvature:q ¼ 1
j
¼ qi ¼
1
ji
; i ¼ 1; 2 ð6ÞThe equivalence of the radii could be checked by calculation of each radius from FE analysis data and their
comparison. From Eq. (2) written for ni = ±hi/2, the following expressions are obtained:eoiðxÞ ¼ eiðx;hi=2Þ þ eiðx;þhi=2Þ
2
ð7Þ
qiðxÞ ¼
hi
eiðx;þhi=2Þ  eiðx;hi=2Þ ð8ÞThe comparison shows that the relative diﬀerence of the radii is quite bellow 0.1% everywhere along the beam
except near the points of load application, where it reaches 1.7%. The beam could be considered incompress-
ible through its thickness and w is a function of x-coordinate only. The diagram of the radius of the curvature
in the pure bending section of the beam is shown in Fig. 10. The diagram shows that the bending moment ofFig. 10. Radius of curvature along the pure bending section of the beam.
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stant in this section.
The position of the neutral axis in each glass layer could be calculated by the expression obtained from Eq.
(2), when it is written for ni = noi:noi ¼ eoiq ð9Þ
The positions of the neutral axes in both glass layers along the x-axis are calculated from FE analysis data and
their diagrams are given in Fig. 11. The diagram shows that the normal resultant in the layers is changing
along the x-axis.
The signiﬁcant resultants in a cross-section of the beam are shown in Fig. 12. Since the equilibrium of the
forces along the x-axis, the normal resultant forces areN ¼ N 2 ¼ N 1 ð10Þ
The normal resultant forces in both glass layers were calculated by Eq. (4) from FE analysis data and their
magnitude was compared. The relative diﬀerence between them along the beam is lower than 0.01% except
near the points of load application, where it reaches 6%. The normal resultants of the layers can be considered
as a couple of forces with a moment M0M0 ¼ N 2h0 þ h1 þ h2
2
ð11ÞFig. 11. Neutral axis positions along the pure bending section of the beam.
dx
h2
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h1M
M2
M1
M0 N
N
z
x
Fig. 12. Equilibrium of beam cross-section in pure bending.
6896 I.V. Ivanov / International Journal of Solids and Structures 43 (2006) 6887–6907The diagram of the resultants along the pure bending section is given in Fig. 13. They all are changing along
the x-axis, but the total bending moment should be kept constant:M ¼ M0 þM1 þM2 ð12Þ
The equilibrium of the moments was checked from the FE analysis data and the relative diﬀerence between the
total moment, which is equal to 160 N mm, and the sum of the moments is lower than 0.01% everywhere along
the x-axis of the pure bending section of the beam except near the points of load application, where it reaches
5.8%.
The deformation of the PVB-interlayer should determine the glass-layer interaction. The PVB-interlayer is
in pure shear and its displacements are shown in Fig. 14. The shear strain czx of the PVB-interlayer is constant
through its thickness and it is denoted as c0. The shear strain is composed of two angles of rotations u and h
according to the geometry of the deformationc0ðxÞ ¼ uþ h ¼
ou
oz
þ dw
dx
¼ u2ðx;h2=2Þ  u1ðx;þh1=2Þ
h0
þ dw
dx
ð13ÞThe shear stress szx in the PVB-interlayer is obtained from the shear strain c0 by the Hooke’s law for shear and
it is denoted as s0Fig. 13. Resultants along the pure bending section of the beam.
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Fig. 14. Displacements of the PVB-interlayer.
M M2 2+ d
N N+ d
N
M2
dx
x
τ0
z
Fig. 15. Equilibrium of glass layer 2.
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u2ðx;h2=2Þ  u1ðx;þh1=2Þ
h0
þ dw
dx
 
ð14ÞThe glass-layer interaction can be revealed from the equilibrium of the forces along the x-axis acting on glass
layer 2 as it is shown in Fig. 15dN ¼ s0bdx ð15Þ
The last equation is rearranged and Eq. (14) is plugged in to get the following diﬀerential equation:dN
dx
¼ s0b ¼ G0b u2ðx;h2=2Þ  u1ðx;þh1=2Þh0 þ
dw
dx
 
ð16ÞThe obtained diﬀerential equation is the crucial relationship unveiling the glass-layer interaction, which to-
gether with the simple bending theory of each single glass layer and their displacement compatibility could
formulate a mathematical model of the triplex glass beam. The equation is derived in theory of sandwich
beams (Stamm and Witte, 1974), but the role of shear stress is not well justiﬁed and the transverse shear stress
in the glass layers is included, which makes the equations of the model diﬃcult to be solved.
Another expression for the normal resultant, N, can be derived from Eq. (16) when it is integrated once:NðxÞ ¼ G0b
Z
u2ðx;h2=2Þ  u1ðx;þh1=2Þ
h0
dxþ wðxÞ
 
þ C0 ð17Þwhere C0 is an integration constant depending on the boundary conditions. The last equation could be
checked from the results of the FE analysis converting it to a ﬁnite diﬀerence equation. Since N  0 at
x = 800 mm, the numerical integration begins from x = 800 mm to x = 0 with C0  0. The ﬁnite diﬀerence
equation is as follows:NðxjÞ ¼ G0b
Xj
k¼1
u2ðxk;h2=2Þ  u1ðxk;þh1=2Þ
h0
Dxþ wðxjÞ
" #
ð18Þwhere xj for j = 1, 800 is calculated by xj = xj1 + Dx, starting from x0 = 800 mm with step Dx = 1 mm. The
relative diﬀerence between the values of N calculated from Eq. (4) and those calculated from the last Eq. (17)
does not exceed 0.1% everywhere along the beam except near the force application point, where it reaches
9.4%, and near the support.
4. Mathematical model of triplex glass beam
The mathematical model of triplex glass beams is based on Euler–Bernoulli beam theory which is applied
for both glass layers and the equilibrium of the resultant moments Eq. (12). Plugging Eqs. (11) and (5) in Eq.
(12) and accounting for the displacement compatibility expressed by Eq. (6), the following equation is
formulated:M ¼ N h
2
þ EbDj ð19Þ
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3
1
þh3
2
12
. The obtained equation should be solved simultaneously with Eq. (16),
which determines the glass-layer interaction.
In order to get compatible equations, Eq. (16) is diﬀerentiated once with respect to x and the obtained
strains are substituted using Eq. (2) with constant strains eoi determined by Eq. (4) and accounting for Eq.
(10):d2N
dx2
¼ G0
Eh0
N
h1 þ h2
h1h2
 h
2
Ebj
 
ð20ÞThe curvature j can be determined by Eq. (19)j ¼ 1
EbD
M  N h
2
 
ð21Þand substituted in Eq. (20)d2N
dx2
¼ G0
Eh0
N
h1 þ h2
h1h2
þ h
2
4D
 
M h
2D
 
ð22ÞThe last diﬀerential equation can be solved at given boundary conditions if the function M(x) is known. The
laminated glasses are under uniform transverse load in most of the cases of static loadings in their applica-
tions. The case of a simply supported beam of triplex glass under uniform transverse load is considered here
as it is shown in Fig. 16. The beam is statically determinant and the function of the bending moment M(x) is
easily obtained by considering the equilibrium of a part of the beam.MðxÞ ¼ qb
2
l2
4
 x2
 
ð23ÞThe function of the bending moment Eq. (23) is plugged in Eq. (22) to get the ﬁnal second order diﬀerential
equation of the normal resultant N(x)N 00  k2N ¼ qp x2  l
2
4
 
ð24Þwhere k ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
G0
Eh0
h1þh2
h1h2
þ h2
4D
 r
and p ¼ G0Eh0 bh4D.
The general solution of Eq. (24) isNðxÞ ¼ C1 sinhðkxÞ þ C2 coshðkxÞ þ Np ð25Þ
where C1 and C2 are integration constants and Np is a particular solution, which has a form of quadratic poly-
nomial. The method of undetermined coeﬃcients is applied to obtain the polynomial coeﬃcients. Substituting
the particular solution in Eq. (25), the integration constants C1 and C2 are determined by the boundary con-
ditions. The symmetry of the beam gives s0(0)  0 and from Eq. (16) the condition N 0(0)  0 yields C1 = 0.
The boundary condition of the support is N(l/2)  0, which leads to the other integration constant C2.
Substituting the integration constants and the particular solution found in Eq. (25), the function of the nor-
mal resultant force, N(x), is ﬁnally obtainedNðxÞ ¼ q p
k2
2 coshðkxÞ
k2 cosh k l
2
	 
 x2 þ l2k2  8
4k2
" #
ð26Þz
x
l/2l/2
q
Fig. 16. Simply supported beam under uniform transverse load.
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load, although it is a solution of fourth order diﬀerential equation obtained by variational principle. The max-
imum of the normal resultant force is at x = 0 and its value ismaxN ¼ q p
k4
2
cosh k l
2
	 
þ l2k2  8
4
" #
ð27ÞThe function of the shear strain in the PVB-interlayer, c0(x), can be derived from Eq. (15) and the Hooke’s law
of shear c0ðxÞ ¼ 1G0b
dNðxÞ
dx , in which the ﬁrst derivative of Eq. (26) is substitutedc0ðxÞ ¼ q
2g
G0h
sinhðkxÞ
k cosh k l
2
	 
 x" # ð28Þ
where g ¼ ph
bk2
. The greatest in magnitude shear strain c0 is at x = l/2 and it is a negative in sign. So, it appears
to be the minimum of the function in Eq. (28) which ismin c0 ¼ q
2g
G0h
1
k
tanh k
l
2
 
 l
2
 
ð29ÞThe function of the normal resultant force, N, from Eq. (26) and the bending moment, M, from Eq. (23) are
substituted in Eq. (21) to get the function of the curvature, j(x)j ¼ q
ED
g  1
2
x2  g
k2
coshðkxÞ
cosh k l
2
	 
 ðg  1Þl2k2  8g
8k2
" #
ð30ÞThe function of the deﬂection, w(x), can be found from the diﬀerential equation d2w/dx2 = j by successive
integration of Eq. (30). The integration constants are determined by the boundary condition of symmetry
dw/dx  0 at x = 0 and the boundary condition of the support w  0 at x = l/2. The obtained ﬁnal expression
for the deﬂection is as follows:wðxÞ ¼ q
ED
g
k4
coshðkxÞ
cosh k l
2
	 
"  g  1
24
x4 þ ðg  1Þl
2k2  8g
16k2
x2þ5ðg  1Þl
4k4 þ 48gl2k2  384g
384k4

ð31ÞThe obtained function for the deﬂection, w(x), is similar in its character to Eq. (19) of Asik and Tezcan (2005).
Both are mixture of fourth order polynomial of x and a hyperbolic cosine function of x for the case of uni-
formly distributed load.
The maximum deﬂection of the beam is at x = 0 and from Eq. (31), we obtainmaxw ¼ q
384EDk4
gð5l4k4 þ 48l2k2  384Þ þ 384g
cosh k l
2
	 
þ 5l4k4" # ð32Þ
The extrema of the normal stress in the glass layers through their thickness can be obtained from Eq. (3) writ-
ten for ni = ±hi/2 and by substituting eoi from Eq. (4). The following expression is found:rmin
max
i
¼ ð1Þi 1
bhi
N  E hi
2
j ð33ÞThe function N(x) from Eq. (26) and the function j(x) from Eq. (30) are substituted in the last Eq. (33) to
ﬁnally determine the extreme stress:rmin
max
i
¼ q
2hhiD
Amin
max
i
coshðkxÞ
k2 cosh k l
2
	 
 Amin
max
i
 hh2i
 
x2
2
þ
Amin
max
i
ðl2k2  8Þ  hh2i l2k2
8k2
24 35 ð34Þ
where Amin
max
i
¼ g½ð1Þi4D hh2i .
The extremum of the stress function described by Eq. (34) along the x-axis is diﬃcult to be obtained ana-
lytically since the solution of the extremum condition in the range 0 6 x 6 l/2 is not unique.
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The mathematical model of laminated glass beams derived here is programmed in the software environment
of MATLAB 6.5. In order to validate the model, a monolithic simply supported glass beam with thickness
9 mm, length l = 1600 mm, and width b = 800 mm under uniform transverse load q = 1 kPa is solved by
the model. The thickness of the PVB-interlayer is given as h0 = 1 · 105 mm, while the glass layers have thick-
nesses h1 = h2 = 4.5 mm. The modulus of elasticity of the glass is E = 70 GPa and the shear modulus of the
interlayer is G0 = 45.455 GPa, which corresponds to the same Young’s modulus of glass with Poisson’s ratio
m = 0.23. The obtained maximum deﬂection and extremal stresses are given in Table 1 and compared with
other solutions.
The simple Euler–Bernoulli beam theory gives exactly the same results as the present model, so that they are
not given in Table 1. That should be expected because the present model is based mainly on this theory. The
Kirchhoﬀ’s plate theory gives very similar results although 2-D stress is assumed and the plate width is the half
of its length. The Poisson’s ratio for the monolithic glass plate is m = 0.23 and the Poisson’s eﬀect results in
other stress component maxry = 1.9342 MPa. The same 2-D FE model described in Section 2 is used to solve
the monolithic glass problem as a plane stress problem of theory of elasticity. The small diﬀerence between the
magnitude of tensile and compressive stresses are caused by the uniformly distributed load applied on the top
surface of the model.
A laminated triplex glass with thicknesses h0 = 1 mm, h1 = 3 mm, and h2 = 5 mm under the same load
q = 1 kPa is solved as a second validation problem. The dimensions are the same as in the previous validation
example as well as the elastic properties of the glass. The PVB-material has shear modulus G0 = 0.69 MPa.
The solution of the present mathematical model is compared with 2-D FE solution. The FE discretization
and material properties are the same as they are described in Section 2. The results of both solutions are shown
in Table 2.
The analytical model of Asik and Tezcan (2005) for simply supported glass beams is programmed in
MATLAB 6.5 too, in order to ﬁnd the displacements for the same validation problem of laminated glass.
The obtained maximum deﬂection is the same as the result of the present model. The stresses are not explicitly
given in close form solution in the paper of Asik and Tezcan (2005), so that they are not calculated and
compared.
The results of the present mathematical model of laminated glass beams show great agreement with the
other solutions. The same MATLAB scripts of the model are utilized further for parametric study and opti-
mization of laminated glasses.Table 1
Results for the monolithic glass validation example
Present model Plate theory 2-D FE analysis
Quantity Value Value Error (%) Value Error (%)
maxw (mm) 20.067 20.099 0.16 20.066 0.00
minrx (MPa) 23.704 23.419 1.22 23.691 0.05
maxrx (MPa) +23.704 +23.419 1.22 +23.711 0.03
Table 2
Results for the laminated glass validation example
Quantity maxw (mm) minr1 (MPa) maxr1 (MPa) min r2 (MPa) max r2 (MPa)
Present model 30.572 26.444 3.0579 10.638 28.338
2-D FE analysis 30.576 26.417 3.0331 10.620 28.354
Error (%) 0.00 0.10 0.82 0.17 0.06
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The design of triplex glass is entirely determined by three parameters—the thicknesses of the layers, h0, h1,
and h2. A study of their inﬂuence on the deﬂection and stress, when the glass beam is under transverse load
q = 1 kPa is presented here. The beam is simply supported at its ends and it has length l = 1600 mm and width
b = 800 mm. The Young’s modulus of the glass is E = 70 GPa and the shear modulus of the PVB-material is
G0 = 0.69 MPa.
The inﬂuence of each one of the parameters on the deﬂection and stress distribution along the beam is
investigated. The parameters have reasonable ranges, in which they vary, corresponding to the architectural
glazing application of laminated glasses. The PVB-interlayer thickness has a range h0 2 [0.05,2] mm, while the
glass-layer thickness range is hi 2 [0.1,10] mm. When the investigated parameter varies in its range, the others
are ﬁxed approximately at the middle values of their ranges, which are h0 = 1 mm for the PVB-interlayer and
hi = 5 mm for the glass layers.
The normal resultant force, N, is positive along the axis of the beam x and its maximum is at the middle of
the beam, where x = 0. The inﬂuence of PVB-interlayer thickness, h0, on maxN is weak and maxN decreases
when h0 is increasing. The maximum of the normal resultant, maxN, is proportional to the magnitude of min-
imum shear strain, minc0 (see Fig. 17), which appears at the end of the beam where x = 800 mm. The inﬂuence
of h0 on the curvature, j, is weak as its inﬂuence on the maximum deﬂection of the beam, maxw (see Fig. 17).
The inﬂuence of h0 on the greatest tensile and compressive stress in the glass layers is negligible. The thick-
ness h0 has eﬀect on the stress in the glass layers at the boundary surfaces with the PVB-interlayer, but the
stress is small and not important for the strength of the laminate.
The inﬂuence of the thickness h1 on the maximum normal resultant force, maxN, is in such a way that it has
a maximum at approximately h1 = 2 mm (see Fig. 18). The curvature, j, and therefore the maximum deﬂec-
tion, maxw, strongly depends on the thickness of glass layer 1, h1 (see Fig. 18). They decrease signiﬁcantly with
the increase of h1.
The inﬂuence of thickness h1 on the stress in both glass layers is very strong. The stress quickly increases in
magnitude when h1 is decreasing (see Fig. 19). It is interesting that the maximal in algebraic value stress in
glass layer 1, rmax1, is converted in compressive stress when h1 decreases. In this way, the very thin glass layer
1 is in compression.
The eﬀect of thickness h2 on the maximum normal resultant force, maxN, and the maximum deﬂection,
maxw, is the same as the eﬀect of h1 on them. Its eﬀect on the stress in the glass layers is very similar, but when
glass layer 2 goes thinner, the layer becomes in tension instead of compression.0.4 0.8 1.2 1.6 2
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h1 in such a way that it has a maximum (see Fig. 20). The maximum is reached when h0 = 0.5 mm and h1 is a
minimal. The eﬀect of h0 and h2 on maxN is the same—the maximum normal resultant force, maxN, is
reached when h0 = 0.5 mm and h2 is a minimal.
The inﬂuence of h0 on the stress in the glass layers is very weak. It is interesting to see the dependence of
stress extrema in the glass layers—maximum and minimum, on the change of h1 and h2. Because there is
no analytical expression uniquely giving the extremum of the function described by Eq. (34), a function in
MATLAB 6.5 is used in order to ﬁnd a solution numerically. The algorithm of the function is based on
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1 (see Fig. 21) and the maximum of tensile stress in layer 2 (see Fig. 24) increase when the thickness h1 and h2
are decreasing. The maximum tensile stress in layer 1 is reached when h1 is minimal and h2 has a certain value
(see Fig. 22), while the maximum compressive stress in layer 2 is obtained when h2 is minimal and at a certain
value of h1 (see Fig. 23).
Since the glass is a brittle material, its strength in tension is very low compared to its strength in compres-
sion. The strength of the triplex glass under transverse load could be provided when layer 2 is very thin, i.e. h2
is low, and the thickness h1 is high enough. When glass layer 2 is thin, it is mainly in tension, not in bending.
The eﬀect of tension could be maximal if PVB-interlayer has a certain thickness h0.
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The objective of thickness optimization is a lightweight structure of a simply supported triplex glass beam
with given dimensions under uniform transverse load q. The magnitude of strain, deﬂections, and stress is con-
strained in order to provide the necessary strength and rigidity. The design variables of the glass beam—the
layer thicknesses h0, h1, and h2, vary in appropriate ranges. The following formulation of the optimization
problem is given:min
ðh0;h1;h2Þ
f ¼ f0h0 þ fgðh1 þ h2Þ ð35Þ
s.t. h0min 6 h0 6 h0max ð36Þ
himin 6 hi 6 himax; i ¼ 1; 2 ð37Þ
maxw 6 wal ð38Þ
min c0 6 cal ð39Þ
min r1 6 rc ð40Þ
max r2 6 rt ð41Þwhere the objective function f in Eq. (35) is the areal weight of the glass laminate, while f0 and fg are the vol-
umetric weight of the PVB-material and the glass, respectively, which are: f0 = 11 kN/m
3 and fg = 25 kN/m
3.
The dimensions of the triplex glass beam are l = 1600 mm and b = 800 mm. Two loading cases are considered:
when the transverse load q is uniform with areal intensity q = q0 = 1 kPa and when in addition to the uniform
load q0 = 1 kPa, the areal weight of the laminate, f, is acting, i.e. q = q0 + f.
The design variable constraints (36) and (37) have limits: h0min = 0.05 mm, h0max = 2 mm, h1min = 0.1 mm,
and himax = 10 mm. The constraint of the maximum deﬂection (38) is a rigidity requirement, which could be
unnecessary. Two cases will be considered here: when there is no constraint on the deﬂection, i.e. wal =1, and
when the allowable value of deﬂection is wal = 20 mm. The constraint on the shear strain in the PVB-interlayer
(39) is necessary to avoid delamination of the layers (Jagota et al., 2000; Rahul-Kumar et al., 2000). The
delamination begins from the ends of glass laminates and the allowable value of shear strain accepted here
is cal = 2. The constraints (40) and (41) are the strength requirements of the glass layers. The allowable com-
pressive stress accepted here is rc = 100 MPa, while the allowable tensile stress is accepted to be rt = 20 MPa.
All dependent variables under constraints are calculated by the mathematical model developed in Section 4.
The formulated optimization problem has been solved in MATLAB 6.5 software environment. The solu-
tions of the problem are obtained by Sequential Quadratic Programming in combination with Line Search
updating the Hessian matrix by BFGS method at each iteration (MATLAB 6.5). The starting point for the
local minimum search of the objective function f is denoted as ðbh0; bh1; bh2Þ. The extrema of stress at the glass
layer surfaces deﬁned by Eq. (34) are found along the beam by the same MATLAB function for seeking the
minimum of a function as in the previous Section 6. The solutions found depend on the starting points of the
search and they appear to be local optima. The reason of the multiple solutions is that there is at least one
active constraint and the search of a local minimum could stop at some apex point in the objective space deter-
mined by the constraint surfaces. In order to ﬁnd the global optimum, a multiple search is performed with
variation of the starting points. Each design variable has ﬁve initial values and in this way 125 variants of
starting points are obtained. The initial values of the design variables are as follows: bh0 ¼ 0:06; 0:5; 1;
1:5; 1:9 mm and bhi ¼ 0:51; 2:5; 5; 7:5; 9:99 mm for i = 1, 2. The global optimum is obtained by comparison
of the local minima found. The optimization problem is solved for four cases, which are combination of both
cases of loading and both cases of deﬂection constraint. The results for all cases are given in Table 3.
If the same beam under uniform load of q = q0 is made of monolithic glass, the necessary thickness deter-
mined by the tensile strength condition is 9.798 mm and its areal weight is 244.9 N/m2, which is 3–4% higher
than the areal weight of the optimal laminated glasses found for the corresponding case of loading in Table 3.
The maximum deﬂection of the monolithic glass beam under the load is 15.54 mm, which is less than the
allowable wal = 20 mm if the deﬂection constraint is in eﬀect. The monolithic glass is always stiﬀer than the
laminated glass with the same total thickness and dimensions. The calculation of the necessary thickness of
Table 3
Optimal solutions found for q0 = 1 kPa, l = 1600 mm, and b = 800 mm
q= q0 q0 + f
wal= 1 20 mm 1 20 mm
min f, N/m2 235.3 237.2 260.9 262.1
h0 (mm) 2.000
a 0.9846 2.000a 1.438
h1 (mm) 6.633 7.326 7.660 8.077
h2 (mm) 1.898 1.731 1.898 1.775
minc0 (–) 0.0814 0.0817 0.0830 0.0822
maxw (mm) 23.48 20.00a 21.93 20.00a
minr1 (MPa) 24.13 22.64 25.32 24.31
maxr2 (MPa) 20.00
a 20.00a 20.00a 20.00a
a The value is the maximum allowable, which means that the constraint is active.
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diﬃcult, since the tensile strength condition is a quadratic equation with respect to the thickness of the glass.
The solution shows that the necessary thickness is 11.07 mm in this case of loading and the areal weight of
monolithic glass is 276.8 N/m2, which is 5–6% higher than the corresponding areal weights of the optimal lam-
inated glasses found. The calculations of monolithic glass beams show that the optimally designed laminated
glasses are superior to monolithic glasses in minimization of their weight.
The small number of the design variables—only three of them, allows the design space to be visualized and
the set of feasible solutions to be displayed. The simple linear objective function have a constant gradient,
which is a direction in the 3-D design space. In this way, the idea of 3-D design space scanning and visuali-
zation of the feasible solutions with the optimal solution appeared. The thickness of the PVB-interlayer, h0,
varies from 0.1 to 2.0 mm by step of 0.1 mm in the scanning and the glass-layer thicknesses h1 and h2 vary
from 1.0 to 10.0 mm by step of 0.2 mm. The dependent variables are calculated by the developed mathematical
model and the constraints are checked. If they are satisﬁed, the solution is considered feasible and the objective
function is calculated. The optimal solution is found by comparison of the computed values of the objective
function for the feasible solutions. The sets of the feasible solutions and their optimal solutions for all consid-
ered cases are given in Fig. 25. The optimal solution is designated by a white dot with a notice ‘‘min’’. The
results of the scanning diﬀer from the results of the multi-start local optimization no more than the value
of the design variable steps.Fig. 25. Feasible sets of solutions and their optimal points: (a) when q = q0 and wal =1; (b) when q = q0 and wal = 20 mm; (c) when
q = q0 + f and wal =1; (d) when q = q0 + f and wal = 20 mm.
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When the constraint on the deﬂections exists (38), it is always active, too. The results in Table 3 show that
when there is no constraint, the deﬂection maximum, maxw, is not far above the allowable wal. This deﬂection
constraint is probably unnecessary or, at least, not so strong and could be ignored in an optimization process.
When the constraint is missing however, the thickness of the PVB-interlayer, h0, reaches its limit. The shear
strain constraint (39) is not eﬀective, because the shear strain is far bellow the allowable. The optimal solutions
found show that glass layer 2 or the internal layer in the architectural glazing should be thin, while glass layer 1
or the external layer should be thick. The tensile strength of glass is determinant for the design of glass lam-
inates. The decreasing of the PVB-interlayer thickness leads to stiﬀening of the laminate. The multi-start local
optimization technique is maybe eﬃcient in the case of laminated glass optimization, but it could be more
eﬃcient if less starting points are generated randomly with quasi-uniform probability (Niederraiter, 1995;
Zhigljavsky, 1991). The nonlinear programming technique for local optimization is more eﬃcient than the
linear programming although the objective function is linear, because the optimum is on the nonlinear
surfaces determined by the constraints.
8. Conclusions
The consideration of laminated glasses as a plane beam allows their FE analysis to be easily performed. The
analysis shows that the simple bending theory is applicable for the single glass layers with an additional dif-
ferential equation describing the layer interaction in their bending caused by the shear of the PVB-interlayer.
Based on the analysis, a mathematical model of triplex glass beam is developed. The equations of the model
are easily solved analytically for simply supported glass beam under uniform transverse load, because it is stat-
ically determinant and one-dimensional. This allows a parametric study to be carried out in order to get deep
insight of the properties of laminated glasses. The analytical model of the simply supported triplex glass beam
under uniform transverse load is used in optimization process determining the layer thicknesses necessary to
provide a lightweight structure. The results of the optimization show that the inner layer of laminated glasses
under external pressure should be thinner than the external glass layer for lightweight structure design of the
architectural glazing. The optimally designed laminated glasses could be even superior to monolithic glasses in
all criteria.
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